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Formalism of nonlinear transport in mesoscopic conductors
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We study nonlinear transport in mesoscopic conductors using the scattering approach. Extended multiter-
minal Landauer-Btiiker formulas are presented in conditions such as at zero/finite temperatures and in the
weakly/strongly nonlinear regimes and are shown to be gauge invariant. As an example, we model the ballistic
rectification effect recently observed in a symmetry-breaking microjunction. We are then able to provide an
analytical description of the rectification effect, which is in remarkably good agreement with the experimental
observations[S0163-182809)04815-9

When the characteristic sizes of semiconductor devicesonsistent field, which mainly exists at the geometric nar-
are small in comparison with the elastic mean free path ofowing or spreading including the entrances and exits of the
carriers, the carrier transport becomes ballistidhe leads. In principle, the determination Bf(x,{x.}) and thus
Landauer-Bttiker formalism, which treats transport as a Tg._.(E,B,{u,}) requires a self-consistent calculation that,
transmission problem for carriers at the Fermi level, ishowever, is considerably difficult to be performed in a prac-
widely used to describe the linear transport behavior of thestical device.
conductors:® There is increasing attention paid to nonlinear  Using the scattering approach, the current through tead
ballistic transporf.™*! Nonlinearity is important in mesos- is written as
copic conductors because of the small device feature sizes

and the fact that, in principle, nonlinearity starts at any non- 2e

zero current. Much effort has been made to extend the 'azﬁl;a f [FE—pa)TaolEB{uy)
Landauer-Bttiker formalism to nonlinear regime. In particu-

lar, Bagwell and Orlando presented a theory to treat two —f(E—up)Top(E,Bin,})]dE. (D)
terminal devices at finite temperatures and finite applied L

voltages® and recently Christen and “Biker developed a Considering that ZpzaTpalEBinyt)
self-consistent gauge-invariant theory for multiterminal =2 s#a 1 a—s(E,B.,{z,}) holds for an arbitrary magnetic
devices field B, Eqg. (1) becomes

In this paper, we study nonlinear transport in mesoscopic
conductors using the scattering approach. Extended
Landauer-Bttiker formulas are obtained at zeroffinite tem-
peratures and in the weakly/strongly nonlinear regimes and
are shown to be gauge invariant. We find that even in the —F(E—up)ITpo(E,B.{m,})dE. @)
nonlinear regime, four-terminal resistances can still be ex- ) ] ] )
pressed as simple functions of transmission coefficients. N the following we examine Eq2) at different experi-
Thus the formalism makes it possible to analyze non"neamer_ltal limits where it reduces to simplified forms that are
transport problems in a direct and convenient way, similar tsimilar to that of the standard Landauerttker formula. At
that of using the standard Landaueit@ker formula in the KksT=0, Eq.(2) becomes
linear regime. As an example, we model the ballistic rectifi-
cation effect recently observed in a semiconductor
microjunction’? The model provides an analytical descrip-
tion of the effect with no adjustable parameters, which thus
allows for an unambiguous comparison with the experimenHereﬂB,a]({My}) depends on the sign ofu(,— uz) and is
tal observations. o —

Consider a mesoscopic conductor that is connected Viggual 0 f”BTﬁHa(E’B’{’MV})dE/(’u“ .’uﬁ_) and
perfect leads to a number of carrier reservoirs. The electronb,” T s(E,B.{#,})dE/ (15— na) When p, is higher and
deep inside the reservoirs are assumed to maintain a Fermower thanu s, respectively. This means that only the trans-
Dirac distribution at temperaturd, f(E—u,)={exd(E  missions of carriers above the lowest chemical potential of
—u)/ksT1+1} 1, whereu, is the chemical potential of res- the reservoirs contribute to the net lead currents and there-
ervoir a. The total transmission coefficient for carriers from fore determine the resistances of the conductor.
lead « to lead B8 at energy E and magnetic fieldB, We now further restrict ourselves to the case in which
Ts—o(E,B,{u,}), is determined by the electric potential |u,— ug| is so small that within the energy interval between
U(x,{u,}) in the conductor, which is a function of the po- u, and u; the dependences ofz_,(E,B,{u,}) and
sition x and the chemical potentials of all the reservoirsT,. 4(E,B,{u,}) on E can be neglected, i.e., in theeakly
{m,}. As emphasized by Landau’é’r,U(x,{My}) is a self- nonlinear transport regime. It is easy to obtain from 8.

a

2
°S [ rrE-

—Fﬁ#a

2e —
o= 2, Tisa (i) (o= ). 3

0163-1829/99/5@ 5)/98064)/$15.00 PRB 59 9806 ©1999 The American Physical Society



PRB 59 BRIEF REPORTS 9807

drain current 5p as shown by the dashed line in Fig. 1. The
curve is not perfectly symmetric with respect to the zkyg
axis because of the imperfection of the device fabrication.
The mechanism of this “ballistic rectifier” is entirely differ-
ent from that of a normal diode since no doping junction or
barrier structure was used along the current direction in this
device.

To model the rectification effect, the dependence of
Tg—o{m,}) on the applied voltages should be calculated
first. In general,T5._,({u,}) is mainly determined by the
angular distribution of the carriers ejected from lead

08 ————1—1—1—1—103 P.(6) (6 being the angle with respect to the channel agis
~40-30-20-10 0 10 20 30 40 P.(0) is determined by the self-consistent figll(x,{,})
Isp (LA) in the device. However, it is considerably difficult to perform

a self-consistent calculation to obtain this self-consistent
field in practical devices such as the ballistic rectifier. In-

which is schematically shown by the inset. The hatched area in thgtead, we note tha,(6) is closely related to the lead cur-

inset represents an antidot. The widths of the four |¢ddaoted as entl a- The reason is that if a lead currdntis applied, th?
S D, U, andL) and the size of the triangular antidot are smaller\{eloc'ty component of an electron along the channel direc-

than the electron mean free path. These curves show that the devil®n X, vy, Will approximgtely ianeaSE/decrease_ bY_ the
outputs negative voltages between leadand U, independent of ~@mount _Of the excess velocityv depending on the direction
the direction of the input current through lea8isndD. of Av with respect to that of,. Here we refer the excess

velocity Av to the mean velocity of electrons in the lead,
n which, as mentioned before, the electrons gain from the self-
E Tip a]<’u““ MﬁrB!{/u“'y}>(lu“a_Mﬁ) consistent field. On the other hand, we may assume that the
' 2 velocity component in the perpendicular directiopis not
2 affected. Therefore, the angle of ejection of the electron
%W; T (1) (o= 1p). (4 _(I:_rrl]anges from arctanf/v,) at Iq—O to arcFa{wy/(vxi_Av)].
a is means that the self-consistent field in the device causes
a kind of collimation/decollimation effect, the extent of
Here Tz ,({1,}) is the transmission coefficient at the which can be determined by the magnitude of the excess
chemical potential of the reservoirs at equilibridimefore  velocity or the lead current. Note that the self-consistent field
the conductor is biased u®%. Tz, ({u,}) is equal to mainly exists at the entrances and the exits of the leads as
Tpol{ny) it wo>pp or T, p({u,}) otherwise, which shown by Ref. 11, and the measuréd, (_|VLU|<0.2 mVv)
reflects the direction of net flow of carriers. suggests that the self-consistent field in the center of the

In principle, nonlinear ballistic transport starts at any non-junction is weak. Therefore, one can writgs. ,({x,})
zero current. Nevertheless, one can define a linear transport T4 ,(l,) and avoid to perform a self-consistent calcula-
regime where f,—ug)—0 and the dependence of tion. Equation(4) thus becomes
T o(E,B.{u,}) on {u,} is neglected. AtkgT=0, it is
easy to find that Eq(l) reduces to the standard Landauer-
Buttiker formulal ,=(2e/h)Z 5., Ty g(1a— tp).

We point out that Eq91)—(4) are all gauge invariant, i.e.,
any result of which is invariant under a global potential shift _ EE T | _ 5
and depends only on the differences of the voltages applied T h & (8.l [g.a) (a™ tp), ®)
to the carrier reservoirs.

In the following, we shall apply Eq(4) to model the WhereTz ,1(I5,.4)) is the transmission coefficient for carri-
rectification effect recently realized in a semiconductorers atu™, and equal tol (1) if ue>pg or Tor g(l )
microjunction’? We show that in the weakly nonlinear trans- otherwise.
port regime, the changes of transmission coefficients TheV y Vs lsp characteristic is calculated via the four-
Tip.0({1,}) with applied voltages can be approximately terminal resistancBsp, u(lsp)=Viu/lsp derived from Eqg.
evaluated directly from the lead currents rather than from 44) or (5). If a negative source-drain current is appliegs(

FIG. 1. Experimentaldashed ling and theoreticalsolid line)
Vy Vsl gp curves(note the different scalgsf the ballistic rectifier,

2e
h B#

|~

2e Mot g
|Lﬁﬁga T[ﬁ,a](—z Jigal | (M= Mp),

self-consistent calculation. >pup), one obtains

The inset of Fig. 1 schematically illustrates the central ,
part of the ballistic rectifier, which was fabricated on a RspLu=(h/2e"Dy)[ T, s(19)Tpu(ly)
GaAs/ALGa,_,As heterostructure. The hatched area repre- T L(1)Ty_s19], 6)

sents a triangular antidot. The elastic mean free path

~6 wum at 4.2 Kis much larger than the width of the sourcewhere Ig=—Ilgp and I =1,=0, which means that

(denoted a$5) and drain(D) channels Wsp~0.4 pm)and Ty y(ly) and Ty () can be approximately treated as
the width of the lower(L) and upper(U) channels WV constants. In Eq(6), D, is a subdeterminant of the matrix
~2.9 um). Negative voltages were observed betweenlthe defined by Eq.5), and is found from its expression to be
andU probesV, , independent of the direction of the source- insensitive to lead currents.
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according to the time-reversal invariance at zero magnetic
field, we take Tp._ (0)=T,_,_p(0) and Tp_y(0)
:TUHD(O)-B

To calculate D; in Eq. (6), we make use ofTg_p
q =Tp._s=0 because the direct path betweSnand D is
blocked by the antidot at zero magnetic field. We find
=NZN_u(1— W /W) —Ngp(1— sin6)%/2], where W,
~2W,, is the upper sidelength of the triangular antidot.
Thus,Rsp  y is finally written as

2
0 5 10 15 20 25 30 35 40

3 h sinf,— siné,
Isp (LA) RspLu=

E g 2NLU_3NSD(1_ SII’] 00)2 .

®
FIG. 2. The calculated transmission coefficiefi{s_g (a) and
Tu_s (b) as functions of the negative source-drain current. Forrpe obtainedV, , vs Isp curve together with the case of

negative source-drain currents, the electrons ejected out ofSleadI >0 is plotted using the solid line in Fig. 1. From the

will be collimated as discussed in the text. Therefore, the probabil- - .
ity for these electrons to be scattered into léaldy the triangular different scales of th&/,, axes, we find that the obtained

antidot is increased, while the probability for them to transfer intovor[agesv'—U are about 3 tlme§ as high as the experimental
leadU is reduced. values shown by the dashed line. So far, we have neglected
the elastic scatterings from the impurities in the microjunc-
tion, which will certainly reduce the transmission coeffi-
cients in Eqg.(6) and therefore the output voltagg . In-
deed, the length of the&. and U channelsl=5 um is
comparable to the elastic mean free path. Therefore, the im-
A — /2 purities will reduce the transmission coefficients in Eg).
Tues(0)=Tu-o(0)=/5(Nsp/2)costdd,  where Nso  5pnroximately to §)'e~56%, andV,y just to (0.56f
=kegWsp/ is the number of propagating modes in e <3094 Thus, after taking the finite length of the leads into
andD channels for a Fermi wave vectiog . This means that  account, we find that the theoretical result is in remarkably
the electrons ejected out of tt&or D channel with angles good agreement with the experimental data although no ad-

At I5p=0, the angular distribution of the ballistic elec-
trons ejected from th& and D channels is given by (6)
=1 cos#, whered lies in the interval ¢ 7/2,7/2) 1* There-

fore, T, g0)=T,. p(0)=S" (Ngp/2)cosedé and

smaller than00 (00~ /4 for this device geometlnyIll justab'e parameters have been used.
transmit into thel channel, whereas the eIectrorés With " we notice that the deviation of the theoretical curve from
angles betweer, and 7r/2 will go into theU channef: the experimental data increases at higher curreggs This

~ When a negative source-drain current is applied, as mens expected since in this model we have restricted ourselves
tioned -a.bOVe, the electrons ejected out of mannel will Only to the Weak|y nonlinear regime' where the excess ve-
be collimated. Therefore, these electrons will have morqqocity Ay is small in comparison with the Fermi velocity: .
chance to be scattered into ledby the triangular antidot | the strongly nonlinear regime, E¢8) should be employed

and less chance to transfer into letid Thus, T, _s will instead of Eq(5). In addition, the self-consistent field, which
increase and g will decrease, as expressed by is built up in the center of the cross junction, might become
not negligible, so that a self-consistent calculation is needed
T s(lg)—TL_s(0)=Ngp(Sinfe— sin6y)/2, for the case of large currents.

It was argued that the ballistic rectifier has no intrinsic
Tu_s(le)—Tu._(0)=—Ngp(sin.— sinbo)/2, (7 threshold since the nonlinear ballistic transport, on which the
uslle) = Tu—s(0) sol © o ) device relies, starts at any nonzero curfénto verify this

where 6,= 6+ arcsifi(Avfvg)sin 6o]. It is noticed that the Prediction, we write Eq(8) in the limit of lspl—0 as

total number of electrons ejected out of le@ds increased.

This is because the electrons that move from the junction ;

. . i X Viu h 3 Sin 26ql 5p

into leadS with velocities between zero andAv will now T~ - 5+ 9
be driven back to the junction due to the self-consistent field, ~ 'sp e? 4eEeNsp 2N, —3Ngp(1- sinfy)

without transmitting into reservoi& Since these electrons

originally are not coming from reservof but from other  Although Eg. (9) shows that the rectification efficiency

reservoirs, they should not be taken into account in the calv ,/Igy decreasedinearly with decreasing the magnitude

culation of T _g(lg) or Ty._«(lg). of the applied current, we point out that indeed no intrinsic
The curves in Figs. @) and 2Zb) display the dependences threshold is expected. The reason is that any nonzero current

of T,_sandTy._sonlgp. Fromlgp=0to—37 uA, T,_s will lead to a finite excess velocity and therefore result in the

increases by about 6.4% whilg,._ g decreases by about (de)

34%. From Eq.(6), this indicates that although the magni- collimation effect of carriers and changes of the transmission

tude of the transmission fror@to U is much less than that coefficients.

from Sto L, it has a much stronger influence Bgp, , and Equation(9) also indicates a parabolicV curve at low

therefore contributes much more to the observed negativeource-drain currents, which is supported by the experimen-

V y. For the transmission coefficien®._ . and Tp_y, tal observations. This means that the ballistic rectifier is also
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favorable for second harmonic generation, because unlike e approach is to use a top gate, to which negative voltages
normal nonlinear device, ideally this device will not produceare applied to lower the Fermi ener@: and reduceNgp
third or higher harmonics. and N_y. A lower Fermi energy corresponds to a lower
So far, we have not included in the model the geometrigrermi velocity, so that for the same excess velodity a
collimation effect of the horn-shape openings of 8i@ndD  petter collimation effect can be reached. Motivated by this
channels. In the presence of a geometric collimation, the aryrediction, we recently performed an experiment on a similar
gular distribution of the ejected electrons beconiy¥) device with a top gat&® By applying a negative gate voltage,

=3f cosé, Wher_e—arcsin(lt)< g<arcsin(lf) andf>1is  {4e observedV, ,/1sp was found to be about 100 times
a factor determined by the geometridowever, we empha- higher than that of the present device at a given cuirgg}
size that the influence of the geometric collimation on th hich has confirmed the theoretical prediction

ransmission fficien not change with | rren ; .
transmission coefficients does not change with lead current, In summary, we have developed a formalism of nonlinear

fi‘\r/]ed \t/gelzt:;é?/-Shzzesﬁgsvmngs Eth(zg)e \4’(':'gg::rr\/g]?ﬁgiscg_eg?r'ansport in multiterminal mesoscopic conductors. We show
Lu Y ' gwat even in the nonlinear regime, four-terminal resistances

fication effect, nonlinear transport is necessary, where th il b d ole funcii £t .
transmission coefficients change with lead currents. Therezan Still b€ expressed as simpié functions of transmission
fore, the geometric collimation is not expected to have acoefflments. Usmg.the formula of weakly po_nlmear trans-

significant influence on the rectification effect. Furthermore POrt: We have provided an analytical description of the bal-
to include the geometric collimation effect, certain assump/istic rectification effect, which is in remarkably good agree-

tions will be needed for the potential profile of the horn- ment with the experimental observations.

shape openings, which is very complex. We have also ne-

glected the spatial y( direction distribution of ballistc ~The author gratefully acknowledges valuable discussions
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