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Coulomb interactions in small charge-tunable quantum dots: A simple model
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We present perturbation theory results for the Coulomb interactions between electrons, and between elec-
trons and holes, in small quantum dots. The results are used to model both capacitance and interband spec-
troscopy on charge-tunable, self-assembled dots. At the level of the experimental resolution, currently limited
by the inhomogeneous broadening in the dot ensemble, the model calculations reproduce the experimental
results extremely well.@S0163-1829~98!05747-6#
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I. INTRODUCTION

The study of semiconductor quantum dots is motivated
part by interest in the Coulomb interactions between carr
confined on very small length scales. For quantum dots
fined by lithographic techniques, for instance post-grow
processing of a two-dimensional electron gas in GaAs, i
possible to design highly tunable systems.1,2 Coulomb block-
ade can be observed in the tunneling spectrum of suc
quantum dot as the potential of the dot is changed with
spect to the contact region. However, such dots are typic
hundreds of nm in size so that the contribution of the qu
tization energy to the addition energies is very small. A
though quantum mechanical effects are visible, much of
physics can be described by a classical model of
electrostatics.1,2 A recent approach has been to contact sm
mesas in vertical tunneling structures.3,4 In this case, the
quantization energy and the Coulomb interaction energy
comparable and the tunneling spectrum exhibits strong qu
tum effects, notably highly nonequidistant charging pea
This phenomenon can be explained by the level structur
the dot and the effects of the direct and exchan
interactions.5 It is of considerable interest to see how t
optical response, both for interband and intraband exc
tions, changes with the electron occupancy. It is difficult
measure the optical response of a single dot and an ense
of dots is generally required. The challenge here is to m
the dots homogeneous enough so that the dots all have
same electron occupation. With a lithographically defin
system, this has only been achieved for dots a few 100 nm
size and for electron occupancies up to three per dot.6

Self-assembled quantum dots have much to offer
field. First, they are small with a lateral extent of;20 nm
~Ref. 7!, which cannot be realized lithographically. Th
small lateral size leads to large quantization energies, t
cally tens of meV. The Coulomb interaction energy betwe
two electrons confined in such a dot can be smaller than
PRB 580163-1829/98/58~24!/16221~11!/$15.00
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quantization energy which means that a quantum mechan
description of the Coulomb effects is important. Second,
dots are highly homogeneous7 so that simultaneous chargin
of many 106 dots can be achieved.8,9 This is ideal for optical
experiments.

We have incorporated InAs self-assembled quantum d
in a field-effect structure.8 We have already reported the re
sults of capacitance10 and interband transmissio
experiments.11 The capacitance spectrum shows single el
tron charging peaks for the first eight electrons. Howev
although the effects of exchange and changes in the si
particle configuration in a magnetic field could be inferr
from the data,10 no detailed comparison with a model calc
lation was presented. In interband spectroscopy, shifts
higher transitions were observed on occupation of the fi
electron state. This is also a consequence of the Coulo
interaction, in this case an interaction between the elec
statically stored charge and the optically excited electr
hole pair. Some numerical results were presented in Ref
but without derivation. We present here also results of p
toluminescence experiments that show very clearly the
fects of the Coulomb interaction.

The purpose of the present paper is to describe calc
tions of the Coulomb interactions in self-assembled quan
dots with simple perturbation theory. The calculations giv
convincing description of our experiments. The results
listed in a series of tables so that they can be applied to o
dot systems.

It should be appreciated that the major limitation is t
inhomogenous broadening in the experimental spectra du
dot to dot fluctuations. This limits the resolution of our e
periments, and obscures any fine structure on the meV s
It also limits the accuracy with which we can determine t
dots’ parameters. The calculations do not take into acco
mixing of single particle configurations through the Coulom
interaction, and therefore, also ignore any structure on
meV scale. However, since our approach verifies that C
16 221 ©1998 The American Physical Society
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16 222 PRB 58R. J. WARBURTONet al.
lomb interactions are important one can expect a rich st
ture at the meV scale in the interband optics. Calculation
photoluminescence from InAs dots as a function of elect
occupation show a variety of polarization-depend
splittings,12 but this fine structure has not yet been observ
Our results seem to describe the ensemble properties
they should be taken as a rough guide for spectroscopy
single dots.

II. EXPERIMENTAL DETAILS

The samples, InAs dots on GaAs, were grown in
Stranski-Krastanov mode, with dot densities in the ran
10921010 cm22.7 The dots are separated by a tunnel barr
of undoped GaAs from ann1-type layer that serves as
back contact. A GaAs/AlAs superlattice acts as a barrie
prevent electron tunneling to the surface. The coupling
tween the dots and a metal electrode on the sample surfa
then purely capacitive.

We present results from three experiments. First, we h
measured the capacitance between back contact and gat
magnetic field applied along the growth direction. With ga
areas of a few mm2 we can resolve the single electron char
ing of the first electron state~the s state!.13 However, the
inhomogeneous broadening is too large for us to resolve
single electron charging of the second state~thep state!. We
have, therefore, developed an on-chip capacitance brid14

so that the capacitance from smaller dot arrays can be
tected. With this method, the Coulomb blockade of thes, p,
and d states can be resolved. A trace taken at 23 T fo
sample with 89mm2 gate area~about 3500 dots! is shown in
Fig. 1. The maxima occur at gate voltages where elec
tunneling takes place. We can convert the gate voltage
an energy by assuming that the energetic position of the
changes linearly with respect to the Fermi energy, which
pinned by the high doping level in the back contact. In oth
words, a change in gate voltageDVg implies a change in
energyDE5l21eDVg wherel, the lever arm, is 7 for the
present devices. In this way we can generate the fan diag
shown in Fig. 2, a plot of the energies at which tunneli
occurs~after subtracting a constant offset!. The interest here
is that the addition energies are not constant, or more

FIG. 1. Capacitance against gate voltage for a sample with
area 89mm2 at 23 T. The prominent maxima occur when electr
tunneling from the back contact into the InAs dots takes place.
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cisely, do not vary monotonically as they would in a pure
classical picture of the charging. Instead, they depend
nificantly on the electron occupation.

Second, we have measured the transmission of the
vices in the near infrared in order to detect excitonic tran
tions. Although the changes in transmission from the ex
tonic absorptions are very small,;0.01%, we have manage
to detect them by using a system with a very high dynam
range and by removing the spectral response of the sys
with a reference spectrum taken at a large and positive
voltage. At a largeVg we can infer from the capacitance th
the dots are completely occupied with electrons and, the
fore, that the interband transitions are blocked. The cap
tance of the large area sample used for the optical meas
ments is shown in Fig. 3. Figure 4 shows a set
transmission spectra taken at various voltages. It can be
that the transitions disappear according to occupation sim
from the Pauli exclusion principle. Furthermore, however
can be seen that the peaks move in energy with elec
occupation, as plotted in Fig. 5. This is a consequence o
interaction between the exciton and the electrons and is
focus of the present work.

Finally, we present in Fig. 6 photoluminescence~PL! as a
function of gate voltage excited with 7.2 W cm22 of 633 nm
light. At large negativeVg the PL is suppressed because t
excitons are ionized by the electric field.15 At higherVg , the
in-built field is screened out so that the dots fill with ele
trons from the back contact. We can deduce this by simu
neously measuring the transmission: we measured a sa
spectrum without laser light, and a reference spectrum at
sameVg with laser light. The resulting transmission spe
trum is almost identical to the spectrum obtained with a r
erence spectrum taken without laser light atVg50.5 V. Un-

te

FIG. 2. A fan diagram of the charging maxima for the samp
with 89 mm2 gate area. The gate voltages at which tunneling occ
have been converted into energy with the lever arm,E5l21eVg ,
and a constant offset has been subtracted~symbols!. The solid lines
show the results of the modeling of the addition energies, trea
the Coulomb interactions with perturbation theory. The parame
used areEss

c 518.9 meV,m* 50.057m0 , and\v549.7 meV.
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PRB 58 16 223COULOMB INTERACTIONS IN SMALL CHARGE- . . .
der these conditions, the PL is strong, but redshifted.
higher Vg still, the first excited transition is also observe
implying that the first excited-hole state is populated. T
occurs presumably because the hole capture probability
increased. The fundamental PL first blueshifts and then
shifts as more holes are added. The excited peak is redsh
with respect to the corresponding feature in transmission
then shifts slightly to the blue as additional holes are add
All these shifts are consequences of the Coulomb interact

III. CALCULATIONS

There are four major premises to the calculations
present. First, the quantization energies of both electr
(\v) and holes (\vh) are larger than the Coulomb energie
By Coulomb energies we mean the interaction energy

FIG. 3. The capacitance of the device with gate area;3 mm2

that was used for the interband transmission experiments. The
tron occupation per dotN is labeled at the appropriate gate voltage

FIG. 4. Transmission spectra taken at a series of gate volt
Vg for a sample with gate area;3 mm2. ;0.8 mm2 was illumi-
nated. The curves are labeled withVg , and also with the electron
occupation per dotN when this is single valued, and are offset fro
1 for clarity.
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tween either two electrons, or between an electron an
hole, in a single dot. The electron quantization energy
been measured to be 49 meV for the electrons by intrab
spectroscopy,13 and the Coulomb interaction between twos
electrons has been estimated as 20 meV from capacit
measurements.10 This implies that the Coulomb effects ca
be treated as perturbations to the single particle structure

ec-
.

es

FIG. 5. Interband energy for the three transitionss-s, p-p, and
d-d against the occupation number. The solid lines are the resul
the perturbation theory calculations; the symbols the results of
experiments. Fors-s, the transition is clearly blocked forN.2. We
have plotted here the photoluminescence energies. To be cons
with the transmission experiment,N refers to the total number o
electrons after the photon is emitted. For thed-d transition, only
those transitions withumu52 are shown.

FIG. 6. Photoluminescence spectra taken at variousVg using 7.2
W cm22 of 633 nm excitation. The arrows are a guide to the e
showing how the first peak, thes-s transition, first moves to the red
(a2d), then to the blue (d2h) and then to the red again (h2 j ).
Vg521.5, 21.2, 21.0, 20.85, 20.77, 20.66, 20.45, 20.06,
0.29, and 0.45 V for curvesa2 j .



ha
is
c
a
lt
n
er
th

om
th

th

il
we
ry
es
th
n-
,
ep
be
v
d
h
ra

-
th
ar
it
n

n

e
ti

v
ra
ci

-
he
e

e

ic
s

t to
e

han
ag-

.

we

by

r-
e
ba-

ted
to

for

16 224 PRB 58R. J. WARBURTONet al.
fact, detailed calculations of charging of InAs dots show t
the configuration mixing through the Coulomb interaction
weak.16 Second, the lateral quantization energy is mu
smaller than the vertical quantization energy. The dots
about 6 nm thick yet some 20 nm in diameter, which resu
in vertical confinement energies almost an order of mag
tude larger than the lateral confinement energies. We th
fore assume that the dots are two dimensional. Third,
confining potentials are parabolic. This can be justified fr
the energies of far infrared absorption on these dots
show only a weak dependence on electron occupation.13 ~For
a purely parabolic potential there is no dependence of
resonance energy on electron occupation.17! Also, calcula-
tions predict close to parabolic potentials,18 although these
should be taken with some caution in the absence of deta
information on the exact makeup of the dots. Finally,
neglect any dot-dot interactions. This is likely to be a ve
good approximation for modeling the interband properti
as in this case the light excites neutral electron-hole pairs
interact weakly when confined in different dots. Dot-dot i
teractions have a modest effect on the Coulomb blockade9,19

broadening the peaks slightly, and also increasing the s
ration of the peaks slightly. However, for the separation
tween back contact and dots used here, the effects are
small. The average dot-dot separation is larger than the
tance from each dot to the back contact so that the hig
conductive back contact tends to screen the dot-dot inte
tion.

A typical state involvesN electrons in a dot. Our ap
proach is to construct an antisymmetric wave function for
electrons for a particular configuration from the single p
ticle states and then to include the Coulomb interactions w
first-order perturbation theory. When exciting an electro
hole pair in a dot occupied byN electrons, we construct a
antisymmetrized wave functionCe for the N11 electrons,
and a total wave function by

C5Ce~r1 , . . . ,rN11!ch~rh!, ~1!

where ch(rh) is the single-particle wave function for th
hole. This means essentially that any exchange interac
between the electrons and the hole has been omitted. W
the assumption of two-dimensional harmonic oscillator wa
functions, we can calculate the perturbation theory integ
analytically. We consider here the first three harmonic os
lator states, which we label ass, p, andd. At zero magnetic
field, thes level is twofold degenerate, thep level fourfold,
and thed level sixfold with single particle energies\v, 2\v,
and 3\v, respectively. For thep andd levels we classify the
states with the quantum numberm, corresponding to eigen
values of theLz angular momentum operator, as this is t
natural basis to use in a magnetic field applied along thz
direction. Forp, m561; for d, m562,0; we refer in the
following to the states asp2 , p1 , d2 , d0 , andd1 . In a
magnetic field, it is convenient to define an effective fr
quencyv8 where

v85Av21vc
2/4,

with vc5eB/m* , the cyclotron frequency. In magnet
field, the single particle states have the following energie
t
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s, \v8;

p2 , 2\v82
1

2
\vc ;

p1 , 2\v81
1

2
\vc ;

d2 , 3\v82\vc ;

d0 , 3\v8;

d1 , 3\v81\vc ;

i.e., the magnetic field lifts the degeneracies with respec
m at B50.20 We note at this point that, even at 20 T, th
cyclotron resonance frequency is still considerably less t
the single-particle energy. The consequence is that the m
netic field is a modest perturbation on the dots’ structure

The single-particle wave functionsc, conveniently listed
in Ref. 21, are parametrized by an effective length, which
denote asl e for the electrons andl h for the holes. For in-
stance, thes-state electron wave function is

cs
e~r !5

1

Ap l e

exp~2r 2/2l e
2!.

The effective lengthl e is related to the effective massm*
and frequencyv by

l e5A \

m* v
~2!

with, obviously, a similar equation for the holes:

l h5A \

mh* vh

. ~3!

The lateral potentials of the dots are, therefore, specified
four parameters, e.g.,v, vh , m* , andmh* .

The matrix element of the Coulomb interaction for a pa
ticular stateC reduces to a sum of integrals involving th
basis states. For the interaction between two electrons in
sis statesc i

e(r ) andc j
e(r ), the integrals are of the form

Ei j
c 5

e2

4p«0« r
E E uc i

e~r1!u2uc j
e~r2!u2

ur12r2u
dr1dr2

for the direct interactions, and

Ei j
x 5

e2

4p«0« r
E E c i

e~r1!* c j
e~r2!* c i

e~r2!c j
e~r1!

ur12r2u
dr1dr2

for the exchange. These integrals can be evalua
analytically;22 we proceeded for instance by transforming
center-of-mass coordinatesr12r2 and r11r2 in which the
integrals separate and become straightforward. We find
example that the direct interaction between twos electrons is

Ess
c 5

e2

4p«0« r
Ap

2

1

l e
~4!
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in agreement with Ref. 23.
In Tables I and II we list the direct and exchange inter

tions between the various basis states in terms ofEss
c . Simi-

larly, for the interaction between an electron in statec i
e(r )

and a hole in statec j
h(r ), the matrix element of the Coulom

interaction is

Ei j
eh5

e2

4p«0« r
E E uc i

e~re!u2uc j
h~rh!u2

ure2rhu
dredrh .

This energy can be interpreted as an exciton binding ene
if an electron is in statec i

e in one dot and a hole in statec j
h

in an identical but well separated dot, the total energy
reduced byEi j

eh on confining the two carriers in the same do
Results for the direct electron-hole interactions are given
Table III. It is particularly straightforward to incorporate th
magnetic field: one must simply include theB dependence o

TABLE I. The direct Coulomb energies Ei j
c

5(e2/4p«0« r)** uc i(r1)u2uc j (r2)u2/ur12r2udr1dr2 where the c i

are the eigenstates of the two-dimensional harmonic oscillator.
units are (e2/4p«0« r)Ap/2/l wherel is the effective length.

c i2c j Ei j
c

s-s 1

s-p1
3
4

s-d1
19
32

s-d0
11
16

p1-p1
11
16

p1-d1
77
128

p1-d0
37
64

d1-d1
585
1024

d0-d0
153
256

d1-d0
273
512

TABLE II. The exchange Coulomb energies

Eij
x5~e2/4p«0« r !E E c i~r1!* c j~r2!* c i~r2!c j~r1!

ur12r2u
dr1dr2

where thec i are the eigenstates of the two-dimensional harmo
oscillator. The units are (e2/4p«0« r)Ap/2/l wherel is the effective
length.

c i2c j Ei j
x

s-p1
1
4

s-d1
3

32

s-d0
3

16

p1-p2
3

16

p1-d1
31

128

p1-d0
7

64

p1-d2
15

128

d1-d0
57

512

d1-d2
105

1024
-

y:

s
.
n
l e and l h by replacingv and vh with v8 and vh8 in the
expressions forl e and l h , respectively.22

The advantage of the present approach is simplicity.
can compare experimental results with analytic express
for the Coulomb terms. The results are listed in Tables I–
largely because they will also be useful for other semic
ductor quantum-dot systems where the dot parameters
change but the basic form of the confining potential will st
the same. Furthermore, it is very hard at present to const
more accurate single particle states as the composition
strain distributions in the dots are not known with any p
cision. Detailed calculations of the strain depend inevita
on assumptions on the shape and composition of the d
which are hard to justify. Calculations of the additio
energies5 and exciton binding energies24,25 exist in which a
summation is performed over many states of a parabolic
tential. The use of just the first few states of a parabo
potential, as used here, may well be just as good for our d
because the higher order states do not exist. The dots stu
here have three to four bound electron states, and thi
representative: dots in other self-assembled systems
have only a single bound electron state,26 or a maximum of
five,27 depending on the system.

The disadvantage of the present approach is that we h
not found the true eigenstates of the system. In Coulo

e

c

TABLE III. The electron-hole energies Ei j
eh

5(e2/4p«0« r)** uc i
e(re)u2uc j

h(rh)u2/ure2rhudredrh where thec i

are the eigenstates of the two-dimensional harmonic oscillator.
units aree2Ap/4p«0« r . l e and l h are the effective lengths for the
electrons and holes, respectively.

c i
e(re)2c j

h(rh) Ei j
eh

s-s
1

~le
21lh

2!1/2

s-p1

1

2

2le
21lh

2

~le
21lh

2!3/2

s-d1

1

8

8le
418le

2lh
213lh

4

~le
21lh

2!5/2

s-d0
1

4

4le
414le

2lh
213lh

4

~le
21lh

2!5/2

p1-p1

1

4

2le
417le

2lh
212lh

4

~le
21lh

2!5/2

p1-d1

1

16

8le
6140l e

4l h
2123l e

2l h
416l h

6

~ l e
21 l h

2!7/2

p1-d0
1

8

4le
6120l e

4l h
217l e

2l h
416l h

6

~ l e
21 l h

2!7/2

d1-d1

3

64

8le
8140l e

6l h
2199l e

4l h
4140l e

2l h
618l h

8

~ l e
21 l h

2!9/2

d0-d0

3

16

4le
814le

6lh
2135l e

4l h
414l e

2l h
614l h

8

~ l e
21 l h

2!9/2
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16 226 PRB 58R. J. WARBURTONet al.
blockade, which measures differences in ground-state e
gies, subtle shifts have, therefore, been neglected. In in
band spectroscopy, several transitions are expected for
transition considered here, split by; meV. These effects are
obscured in the experiment by the inhomogeneous broa
ing. Both the experiments and the theory should be und
stood as providing information on the Coulomb interactio
with limited resolution.

IV. MODELING OF THE COULOMB BLOCKADE

The ground-state energy for theN electron state is

EN5Esp~N!1EC~N!2l21NeVg

where Esp(N) is the sum of the single-particle energie
EC(N) the matrix element of the Coulomb interaction, an
2l21NeVg expresses the electrostatic energy due to
electric field between gate and back contact. The energ
measured from the Fermi energy pinned by the back con
~neglecting a constant confinement energy!. We have ne-
glected here the interaction between the electron in the
and its images in the back contact and in the gate, and
any dot-dot interactions. For the one-electron state,

E15\v2l21eVg .

Tunneling of an electron into an empty dot occurs at a p
ticular gate voltageVg

1 for which E150, i.e., for l21eVg
1

5\v. For two electrons, the ground-state energy is

E252\v22l21eVg1Ess
c .

Ess
c expresses the Coulomb repulsion between the twos elec-

trons. Tunneling of the second electron into the dot occur
Vg

2 for which E25E1 , i.e., for l21eVg
25\v1Ess

c . For
three electrons,

E354\v23l21eVg1Ess
c 12Esp

c 2Esp
x ,

where now the exchange energyEsp
x between ans and ap

electron plays a role. Using the results listed in Tables I a
II, we find that the tunneling conditionE25E3 occurs at
l21eVg

352\v1 5
4 Ess

c . In this way it is possible to calculat
the gate voltagesVg

i at which tunneling occurs. The first tw
addition energies are, therefore,

l21e~Vg
22Vg

1!5Ess
c ,

l21e~Vg
32Vg

2!5\v1
1

4
Ess

c .

We have determined which configurations of single p
ticle states form theN electron ground states as a function
magnetic field. There are abrupt changes in the config
tions at critical magnetic fields, as listed in Table IV. T
resulting ground-state energies are plotted as straight line
Fig. 2 and can be seen to reproduce the experimental
extremely well. We make the following comments.

We have adjusted all three parametersl e , \v, andm* to
fit the data. The addition energyl21e(Vg

22Vg
1) determines

the Coulomb energyEss
c , and hence with Eq.~4! the effec-

tive lengthl e . We findEss
c 518.9 meV, and hencel e576 Å.
er-
r-
ch

n-
r-
s

,

e
is
ct

ot
so

r-

at

d

-

a-

in
ta

\v can then be determined from the addition ener
l21e(Vg

32Vg
2) by subtracting 1

4 Ess
c ; we find \v549.7

meV, which is in excellent agreement with the value o
tained from far-infrared spectroscopy on the same samp
The magnetic-field dispersions ofVg

4 andVg
5 give a value of

the effective massm* 50.057m0 . This is somewhat prob-
lematic as it is smaller than the value obtained from
magnetic field dispersion of the far-infrared absorpti
0.08m0 and it leads to a conflict with Eq.~2!. With m*
50.057m0 and\v549.7 meV one would expectl e552 Å
which is smaller than the value deduced above from the C
lomb blockade. However, these comments notwithstand
we do not believe that this represents a serious discrepa
of our model. The electrostatics of our device are compl
and we have taken here a simplified view. We have tr
including the interaction with the image charges, but t
makes no significant difference to the overall agreement w
the experiment. It could be the case that the conversion
the gate voltage into an energy simply with a lever arm is
simplistic. A further possibility is that the confinement p
tential is not exactly parabolic, in which case Eq.~2! will not
hold exactly. The spirit of our calculation is to get agreeme
at the 10% level, and in this sense Fig. 2 represents a
cess.

At B50 the four peaks representing Coulomb blockade
the p level are not equally spaced. In the modeling we fin

l21e~Vg
42Vg

3!5
1

2
Ess

c ,

l21e~Vg
52Vg

4!5
7

8
Ess

c ,

l21e~Vg
62Vg

5!5
1

2
Ess

c ,

i.e., the addition energyl21e(Vg
52Vg

4) is much larger than
the two neighboring addition energies. This is a conseque
of the exchange energy, and is entirely reminiscent
Hund’s rule in atomic physics. For theN54 ground state at
B50 it is energetically favorable for the two electrons in t
p level to have the same spin, as this minimizes the to
energy by ap-p exchange term. To form theN55 ground
state, the fifth electron is forced to have opposite spin to
other two p electrons, which means that tunneling is n
aided by an exchange term, hence the larger addition ene

TABLE IV. The cyclotron energies\vc of the magnetic-field-
induced transitions.

i \vc

1: ssp2p1p2p1d2d1→ssp2p1p2p1d2d2
105

2048Ess
c

2: ssp2p1→ssp2p2
3

16Ess
c

3: ssp2p2p1p1→ssp2p2p1d2
2
3 \v82

25
64Ess

c

4: ssp2p2p1p1d2→ssp2p2p1d2d2
2
3 \v82

511
1536Ess

c

5: ssp2p2p1→ssp2p2d2
2
3 \v82

49
192Ess

c

6: ssp2p2p1d2→ssp2p2d2d2
2
3 \v82

101
512Ess

c
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There exists a critical magnetic field (Bc
2) at which the

N54 ground state changes composition, fromssp2p1 to
ssp2p2 . This is because thep2 state decreases in energ
with increasingB. At a particular magnetic field, it become
energetically advantageous for the twop electrons to occupy
thep2 state. The loss of the exchange energy is compens
by a reduction in the single-particle contribution. We calc
late that the critical magnetic field is given by

\vc5
3

16
Ess

c ,

which we solve to giveBc
251.7 T using the parameters de

scribed above. This change in the single-particle configu
tion gives a kink in the dispersion of both theVg

4 and Vg
5

peaks. Although this is not unambiguously observed in
experiments it can be seen in Fig. 2 that the third and fou
peaks in the capacitance do have a change of gradient wB
around 1 T. A similar effect occurs also in theN58 ground
state: the configuration changes fromssp2p1p2p1d2d1 to
ssp2p1p2p1d2d2 at a low magnetic field (Bc

150.5 T!.
At higher field, further changes in the configurations o

cur as shown in Fig. 2. The behavior around 14 T is at fi
sight rather complicated; however, it can be understood
the critical fields in Table IV and by noting that the dispe
sion of a particular tunneling peak is determined by the
bital occupied by the final electron to tunnel in. ForN55,
the ground state isssp2p2p1 at low magnetic fields, chang
ing to ssp2p2d2 at Bc

5514.6 T. Similarly, forN56 it be-
comes energetically favorable in the measured field rang
occupy thed state. The ground state at low magnetic fie
(B,Bc

3513.2 T! ssp2p2p1p1 becomesssp2p2p1d2

and thenssp2p2d2d2 for B.Bc
6515.2 T. Likewise, the

N57 configuration changes atBc
4513.8 T from

ssp2p2p1p1d2 to ssp2p2p1d2d2 .
These effects cause the prominent anticrossings in

data. It should be noted that the crossing points are q
strongly influenced by the Coulomb effects and are not gi
simply by the single particle terms. Neglecting the Coulom
terms would shift the prominentp-d-like crossings to;17 T
in the calculations, which would be inconsistent with t
experimental results. The calculations underestimate the
ergies ofl21eVg

7 andl21eVg
8 by ;5 meV. This might in-

dicate a worsening of the model’s applicability for high
charged states. However, another explanation can be pu
ward. A particular feature of the capacitance traces on sm
area samples is the appearance of replica of the main tun
ing peaks, separated by;5 meV from the main peaks.10

This implies a bunching in the density of states, arising p
sibly from monolayer fluctuations in the wetting layer. Plo
ted in Fig. 2 are the main peaks. If the amplitudes of
subsidiary peaks change slightly with gate voltage then
would be easy to pick out tunneling peaks in the spectra
do not correspond to the same group of dots. This wo
resolve the discrepancy in Fig. 2.

We do not see abrupt changes in gradient at the crit
magnetic fields as there is an averaging over the dot
semble~symbols in Fig. 2!. However, Taruchaet al.4 have
measured a single dot and they have been able to obs
kinks in the energy spectrum, exactly as calculated~solid
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lines in Fig. 2!. For their sample,\v.Ess
c . Our theory,

although barely applicable in this case, predicts remarka
accurate critical magnetic fields, differing by only;20%
from the measurements. This would seem to confirm
conclusion that our approach is a reasonable one in the l
of large confinement.

V. MODELING OF THE SHIFTS IN THE INTERBAND
SPECTRUM

The selection rule for the interband transitions isDm
5even from the parity of the electron and hole wave fun
tions. The transitions withDm50, which we denote ass-s,
p-p and d-d, are dominant. We estimate that theDm52
transitions, for instances-d, carry at most 5% of the inten
sity of the Dm50 transitions, and are therefore neglecte
For neutral dots, the exciton energies are

Ess
ex5Eg1\v1\vh2Ess

eh ,

Epp
ex5Eg12\v12\vh2Epp

eh,

Edd
ex5Eg13\v13\vh2Edd

eh ,

where Eg is the sum of the dot material band gap a
z-confinement energies. These equations, with the elect
hole Coulomb energies given in Table III, are used to de
mineEg , \vh , andl h from the measureds-s, p-p, andd-d
energies for neutral dots. We take\v549 meV, as mea-
sured with far-infrared spectroscopy, andm* 50.07m0 . The
mass is the GaAs mass, and represents an average o
mass deduced from capacitance and far-infrared sp
troscopies. The aim of the calculations is to model the sh
of the transitions on occupation of the dots with electro
These can only be determined with limited accuracy beca
of the inhomogeneous broadening; at this level a chang
the mass of;15% is immaterial. We therefore take alsol e
as given by Eq.~2! ( l e547 Å!, neglecting any anharmonicity
in the confining potential that one might be able to dedu
from the capacitance and intraband spectroscopy. The en
differences between thes-s, p-p, and d-d transitionsEpp

ex

2Ess
ex andEdd

ex2Epp
ex and Eq.~3! give three equations for the

parameters\vh , l h , and mh* . The parameters are rathe
sensitive to the two-energy differences, which can only
deduced to65 meV because of the inhomogeneous bro
ening. However, one can expect thatmh* is close to the
heavy-hole mass of GaAs, which gives us confidence in
parameters we get from numerically solving the simul
neous equations:\vh525 meV, l h535 Å, and mh*
50.25m0 . This means that the hole quantization energy
smaller than that of the electrons, and also that the ho
have a smaller effective length.

On exciting an electron-hole pair in a charged dot, ad
tional terms must be included to describe the exciton en
gies. The electron in the electron-hole pair is clearly repel
from the negatively charged dot and this is represented b
term increasing the exciton energy. On the other hand,
hole is attracted by the negatively charged dot, decrea
the exciton energy. Generally speaking, the attraction of
hole dominates over the repulsion of the electron, caus
redshifts. The fundamental reason is thatl h, l e .28
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Figure 5 is a plot of the exciton energies as a function
electron occupation. The sample used for these meas
ments has a larger gate area than the sample used fo
capacitance measurements shown in Fig. 1. The Coul
blockade of thes level is well resolved for the larger are
sample, but the Coulomb blockade of thep level is not~see
Fig. 3!. This means that we can chooseVg such that the vas
majority of dots haveN50, N51, or N52, and alsoN
56, but forN between 3 and 5 there is inevitably a distrib
tion in the electron occupancy.

The p-p transition exhibits the largest shifts. ForN51,
the p electron excited by the photon and thes electron can
either have parallel or antiparallel spins. This leads to t
possible energy shifts,Esp

c 2Esp
eh andEsp

c 2Esp
x 2Esp

eh , which
are not resolved in the experiment. ForN52, the shift is
2Esp

c 2Esp
x 22Esp

eh , which is in excellent agreement with th
experimental result.

Interestingly, on further increase ofN, the p-p exciton
energy doesn’t change in the experiment, to within 10 m
As explained above, we inevitably average over a distri
tion of N for each Vg in this regime. Nevertheless, larg
shifts in energy with increasingN can be ruled out. The
calculations reproduce this behavior approximately, if o
averages over the various possible transitions shown in
5.

The s-s transition disappears atN52 through Pauli
blocking; atN51 the shift isEss

c 2Ess
eh which, at 4 meV, is

just resolvable in the experiment. It is possible to follow t
s-s transition at higherN by PL experiments that have bee
reported by Schmidtet al.15,29on similar samples. A redshif
was observed on occupation and the results are in b
agreement with our perturbation theory estimates. We h
excited the PL with visible laser light, as shown in Fig.
For Vg around20.8 V for this excitation density we fill the
dots with electrons and we find a 20 meV redshift of the
with respect to thes-s energy in transmission. This point i
plotted in Fig. 5. At higherVg the dots progressively fill with
holes. Figure 7 shows a calculation of thes-s and p-p PL
energies, assuming that the dots contain 5 electrons and
electron-hole pair plus a variable number of additional ho
When we have more than one hole, Eq.~1! is extended so
that the hole wave function is also antisymmetric. This

FIG. 7. Calculated photoluminescence energy for the transit
s-s andp-p. It is assumed that the dots contain five electrons,
electron-hole pair and a variable number of additional holes.
f
re-
the
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carried out exactly as for the electrons. Figure 7 reprodu
the experimental data remarkably well if we assume that
measure an average of the allowed transitions: thes-s PL is
shifted by;220 meV by the stored negative charge; addi
holes induces initially an upward shift of;5 meV but then a
downward shift of;5 meV. Thep-p PL is visible as soon as
the holep state is occupied and exhibits a shift of;225
meV with respect to thep-p absorption for neutral dots
Further holes cause an upward shift in thep-p PL energy, as
in the experimental spectra of Fig. 6.

VI. SIMULATION OF THE TRANSMISSION SPECTRA

The linewidths of the interband spectra are determined
the distribution in the size of the quantum dots. For neu
dots, the linewidth of thes-s transition is 30 meV, signifi-
cantly higher than the linewidth of the charging peaks in
capacitance spectra, 18 meV. The explanation is that the
pacitance is broadened only by the distribution in the do
ground-state energy with respect to the Fermi energy, yet
interband spectrum has also a contribution from the hole

In order to make this argument quantitative, we assu
that the dominant broadening comes from fluctuations in
dots’ thickness, giving a Gaussian distribution of full wid
at half maximum~FWHM! G0 in the electrons-state energy
with respect to the Fermi energy. These vertical fluctuatio
give a contribution ofG0 to the broadening of the Coulom
blockade peaks in the capacitance, but contribute (11a)G0
to the interband spectra, the termaG0 arising from the holes.
There are also fluctuations in the lateral size of the dots
contribute to the measured linewidths. This implies that th
is a Gaussian distribution in\v1\vh whose FWHM,G1 ,
can be estimated from model calculations of the dots’ c
fining potential.18 A FWHM in the lateral size distribution of
10% of the average size implies approximately a FWHM
10 meV in\v1\vh . It might be thought that far-infrared
spectroscopy measures this broadening directly as this t
nique is insensitive to fluctuations in the vertical confinem
of the dots. It is striking that the measured widths of t
intraband absorptions are very small, only 3 meV. Howev
this linewidth may be reduced from the spread in the sing
particle energy by interdot couplings.30 An equivalent effect
has been identified in the cyclotron resonance of highly
calized electrons in the quantum limit.31,32 We therefore fit
G1 to the interband data. It is nota priori clear if there is any
correlation between the fluctuations in vertical and late
size. We assume that there is none, i.e., that for each ver
thickness there is the same Gaussian distribution in the
eral thickness.

To simulate the transmission spectra of the dot ensem
we classify the dots with thes-state energyE0 . The Gauss-
ian distribution of E0 , N(E0), acts then as a density-of
states function. We assume initially thatVg is large and
negative such that all the dots are neutral. For thes-s inter-
band transition, the interband transition energyEss

ex is a func-
tion of E0 :

Ess
ex~E0!5Ess

ex̄1~11a!E0 ,

where Ess
ex̄ is the averages-s interband energy. We hav

taken the average value ofE0 to be zero. The absorption at
particular energyE is then given by

s
e
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Ass~E!5A0z^cs
eucs

h& z2
2Aln2

ApG1
E

2`

`

N~E0!

3exp$24ln2@E2Ess
ex~E0!#2/G1

2%dE0 ,

which is also a Gaussian, centered atE5Ess
ex̄, but with

FWHM A(11a)2G0
21G1

2. For thep-p transition for empty
dots,

App~E!52A0z^cp
eucp

h& z2
2Aln2

2ApG1

3E
2`

`

N~E0!exp$24ln2@E

2Epp
ex~E0!#2/~2G1!2%dE0 .

The prefactor 2 arises because of the doubling in the de
eracy, and the FWHM describing the lateral fluctuatio
enters as 2G1 simply because the lateral quantization co
tributes 2(\v1\vh) to the energy. The net width
A(11a)2G0

21(2G1)2 is larger than thes-s width. We note
that if the vertical fluctuations dominated (G0@G1), thes-s
and p-p interband transitions would be equally broad. Co
versely, if the lateral fluctuations dominated (G1@G0), the
p-p transition would have twice the width of thes-s transi-
tion. The truth lies somewhere in between, lending suppor
the assertion that both broadening mechanisms must b
cluded. The overlap integralsz^c i

euc i
h& z2 are simply evaluated

from the harmonic oscillator eigenstates; results are liste
Table V.

The proportionality constantA0 can be related to the mea
sured absorption by using the standard formula for the tra
tio
E

ss

m

,
s
rg
n-
s
-

-

to
in-

in

s-

mission of light through a conducting sheet on the surface
a dielectric.33 In turn, the conductivity can be described in
semiclassical approximation,34 and the momentum matrix el
ement evaluated by making the standard separation of
entire wave function as a product of a Bloch function a
envelope function@the envelope functions being thec i(r )
described above#. The result is

A05
he2NdotEp

2Eexm0«0c~11A« r !

where Ep is the Kane matrix element andNdot is the dot
density.

For largerVg the dots become charged and this effects
absorption through both Pauli blocking and the occupat
dependent shifts. The point is that the dots with a sm
ground-state energy are occupied first and these dots ten
have a small interband energy. We consider occupations
to two electrons per dot. For eachVg we divide the dots into
three groups, those withN50, those withN51, and those
with N52, according to theirs-state energyE0 :

N50: E0.E0
05l21eVg ,

N51: E0
1,E0,E0

0 ,

N52: E0,E0
15l21eVg2Ess

c .

To all intents and purposes the dots are homogene
enough that there are only ever two groups,N50 and N
51, or N51 andN52, which contribute significantly to the
absorption. For each group, we integrate overE0 and sum
the absorption for thes-s, p-p, andd-d transitions,
A~E!5A0 (
m5s,p,d

2Aln2

ApG1

z^meumh& z2H E
E0

0

`

N~E0!exp$24ln2@E2Emm
ex ~E0 ;0!#2/~m11!2G1

2%dE0

1E
E0

1

E0
0

N~E0!exp$24ln2@E2Emm
ex ~E0 ;1!#2/~m11!2G1

2%dE0

1E
2`

E0
1

N~E0!exp$24ln2@E2Emm
ex ~E0 ;2!#2/~m11!2G1

2%dE0J , ~5!
e,

-
e
nces

se

the
Emm
ex (E0 ;N) refers to thes-s, p-p, andd-d, exciton ener-

gies (m5s,p,d) as a function ofE0 and electron occupation
N. The average energies are all taken from the perturba
theory described in the previous section. Each integral in
~5! reduces to an error function.

The parameters needed to generate simulated transmi
spectra are determined as follows. We determineNdot by
integrating the capacitance trace over the first two Coulo
blockade peaks; for the sample studied here we haveNdot

553109 cm22, and we takeEp525.7 eV, the GaAs value
which is consistent with the use of the GaAs effective ma
not the InAs effective mass, for the analysis of the ene
n
q.

ion

b

s,
y

shifts. l e and l h are exactly as before, giving, for exampl
z^cs

eucs
h& z250.91 and z^cp

eucp
h& z250.83. We determineG0

from the broadening in the capacitance, i.e.,G0518.0 meV.
A rough fit to the data then givesG1513.3 meV anda
50.6. As expected,G1,G0 anda,1. The simulated trans
mission curves for severalVg are shown in Fig. 8 and can b
seen to reproduce the intensities and forms of the resona
rather well.

The s-s transition disappears on increasingVg as thes
level fills, but not without changes in the lineshape. The
come about from the fact that the dots withN51 absorb
more weakly and also on average at a lower energy than
dots withN50. At a Vg just before thes-s transition disap-
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pears completely, only a small subset of the dots can ab
~those with particularly highE0) and this causes a narrowin
of the line. This can be just made out in the experimen
results. Changes in the lineshape occur also for thep-p tran-
sition. Thep-p transition moves to lower energy in two ste
as the dots fill initially with one electron and then with tw
Thed-d transition behaves analogously, except that here
broadening from the lateral fluctuations plays a larger r
and so the effects are largely smeared out.

The most obvious discrepancy in Fig. 8 is that the tra
mission at thep-p andd-d energies is lower in the measur
ments than in the calculations. It would appear that the
absorption is superimposed on the low-energy tail of a str
absorption at higher energy. The most likely explanation
that it comes fromVg-dependent absorption in the wettin
layer. We occupy the wetting layer at the large and posit
Vg used for the reference spectrum~indicated by a rapid rise
in the capacitance! so it is very likely that the wetting laye
appears in our spectra through occupation dependent shi
the band gap or through blocking of absorption chann
involving low-energy, localized states.

VII. CONCLUSIONS

We have modeled a large body of experimental results
charge-tunable InAs self-assembled quantum dots by trea

TABLE V. The overlap integralŝc i
euc j

h& where thec i are the
eigenstates of the two-dimensional harmonic oscillator.l e andl h are
the effective lengths for the electrons and holes, respectively.

c i
e2c j

h ^c i
euc j

h&

s-s
2lelh

le
21lh

2

p1-p1 S 2lelh

le
21lh

2D2

d1-d1 S 2lelh

le
21lh

2D3

d0-d0 2S 2lelh

le
21lh

2D3

2
2lelh

le
21lh

2

s-d
2lelh~le

22lh
2!

~le
21lh

2!2
r,

.

e

rb

l

e
e

-

ot
g
s

e

in
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n
ng

the Coulomb interactions with perturbation theory. The co
fining potential is taken to be parabolic and two-dimension
The results are compared with the addition energies dedu
from capacitance measurements, and with exciton ener
deduced from transmission and photoluminescence spec
copy. The inhomogeneous broadening in the experime
spectra limits the accuracy of the measurements on the
hand and the accuracy with which the dot parameters ca
determined on the other. Within these uncertainties, the
culations agree very well with the experiments. We have a
argued that the inhomogeneous broadening obscures an
pected fine structure in the energy levels of charged dots
cannot be treated with the present approach. It is hoped
this fine structure can be resolved in the future by perform
experiments on single, charge-tunable dots.
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FIG. 8. Simulated transmission spectra. Each curve is labe
with the gate voltage and offset from 1 for clarity. These resu
should be compared to the experimental results shown in Fig.
L.
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