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Description of the experiment

A voltage applied to the Schottky top gate was used to tune
the QD into stable charge configurations with the ground state
being singly positively charged, neutral or singly negatively
charged [1, 2]. Single electrons were injected into the QD
from the Fermi reservoir, whereas in absence of a hole reser-
voir in the device, single hole injection was ensured by the
presence of a weak nonresonant laser. The sample was cooled
in a bath cryostat to liquid helium temperature (4.2 K) and
finite magnetic fields were applied in Faraday or Voigt config-
uration, parallel or perpendicular to the sample growth axis z,
respectively.

Resonant absorption of the neutral exciton X0 as well as
positive and negative trions, X+ and X−, was probed with a
tunable narrow-band laser in differential transmission spec-
troscopy [3]. Absorption spectra were recorded by setting
the gate voltage or the laser energy to a specific detuning
∆ = ωX − ωL, waiting for a time tc and monitoring the
transmission signal with a lock-in amplifier. After each mea-
surement, the voltage/laser energy was changed by a discrete
detuning step ∆n.

In finite magnetic fields, QDs in both samples A and B
showed pronounced dragging. QDs in sample A, for example,
exhibited dragging of both X0 and X− in the range of tens of
µeV in contrast to QDs of sample B with sub 10 µeV scale for
both trions. The thickness of the tunnel barrier strongly affects
electron spin exchange with the Fermi reservoir via cotunnel-
ing [4] and thus the efficiency of DNSP [5]. In particular,
in sample B the dragging widths of X− are reduced due to
strong spin pumping at magnetic fields exceeding ≈ 0.3 T
[6]. In Voigt geometry the spin pumping leads to a signifi-
cant reduction in the transmission contrast and consequently
in the dragging efficiency even at the edge of the charging
plateau. However, the X0 of the same QD from sample B
exhibited a ≈ 20 µeV dragging width, consistent with the
findings from sample A. For X+ the reduced DNSP range is
consistent with the presence of a nonresonant laser which not
only injects holes into the ground state of X+ but also non-
geminate electron spins opening up an additional nuclear spin
decay channel. The nuclear spin polarization is therefore re-
duced for (photo-generated) single-hole-charged initial states.

Non-collinear hyperfine interaction
The effective noncollinear hyperfine interaction Hamilto-

nian stems from the fact that the quadrupolar interaction
Hamiltonian for a nuclear spin with strain axis tilted by an
angle θ from the z-axis (in the x− z plane)

Ĥquad = BQ[Î2
z cos2 θ + (ÎzÎx + ÎxÎz) sin θ cos θ

+ Î2
x sin2 θ] (1)

does not commute with the dominant Ĥfc,z =
∑

i 2AiÎ
i
zŜz

term of the Fermi-contact hyperfine interaction Ĥfc. To ob-
tain an analytic expression for Anc

i , we assume θ ¿ 1 and
use a Schrieffer-Wolff (SW) transformation to obtain Ĥhyp =
Ĥfc + Ĥhyp−quad where

Ĥhyp−quad =
∑

i

Anc
i Ŝz[Îi

xÎ
i
z + Îi

zÎ
i
x] , (2)

with Anc
i = AiB

i
Q sin(2θi)/ωn

Z. In Ĥhyp−quad we have only
kept the terms that describe processes which leave the electron
spin-state unchanged, since contributions that flip the electron
spin will be negligible at high external fields. Finally, we note
that even for large Bz, the dominant role of flip-flop terms of
Fermi-contact hyperfine interaction is to induce indirect in-
teraction between the QD nuclei [7]: the primary effect of
this interaction, in the presence of fast optical dephasing of
the electonic spin resonance, is to ensure that the nuclear spin
population assumes a thermal distribution on timescales fast
compared to the polarization timescale determined by Anc

i . In
this limit, the dynamics due to Ĥhyp−quad will be indistin-
guishable from that described by Ĥnc.

Averaging over the distribution for nuclei that lie within the
Gaussian QD electron wavefunction, we obtain for cations
(In and Ga with 9/2 and 3/2 nuclear spins, respectively, and
AIn = 112 µeV, AGa = 84 µeV [8]) Anc

i ' 0.0124 · AIn,Ga

and for anions (As with 3/2 nuclear spin and AAs = 92 µeV
[8]) Anc

i ' 0.0848 · AAs
i . For a fully polarized In0.7Ga0.3As

system we determine the value for the maximum Overhauser
splitting due to the noncollinear hyperfine coupling as Anc =
0.0124 ·0.5 · (0.7 · 9

2AIn +0.3 · 3
2AGa)+0.0848 ·0.5 · 3

2AAs '
8.27 µeV and obtain an average value of Anc

i ' 2.6·10−4 µeV
with N = 3.2 · 104.
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FIG. 1: (a) Simulations of dynamic dragging as in Fig. 1 of the
manuscript yet without spectral jitter: the solid and dashed lines
represent steady state solutions for scans (tc = 0.2 s and ∆n =
0.23 µeV) with and without spin-flip Raman scattering processes
according to Eqn.s 5 and 3, respectively. The slight asymmetry to
positive laser detunings is a result of directional dynamic nuclear
spin polarization stemming from spin-flip Raman processes. (b)
Comparison between experimental spectra (dark cyan) and results
of the simulation (blue) for sequential data acquisition (tc = 60 s
and ∆n = 0.46 µeV): each data point of the spectra was obtained
by (i) erasing the nuclear spin polarization in a voltage region with
strong cotunneling, (ii) subsequently establishing a finite laser detun-
ing, and (iii) integrating for the time tc at this specific detuning. The
Lorentzian spectra in (a) and (b) are calculated with Γ0 = 0.73 µeV
and shown in black for reference.

Modelling of the experimental data
To obtain a quantitative prediction, we consider the rate

equation

dIz

dt
= W+(Iz)(

N

2
+ Iz)−W−(Iz)(

N

2
− Iz)− ΓdIz, (3)

where

Γd = Γ0

(
Anc

i

2ωn
Z

)2 Ω2/4
δ2 + Γ2

0/4 + Ω2/2
(4)

is the rate at which nuclear-spin-flip assisted spontaneous
emission, leading to pure nuclear spin diffusion, takes place.
Here, as well as in the following equation, δ = ∆ − AiIz.
The rate equation yields symmetric dragging [dashed spectra
in Fig. 1(a)] and antidragging to either side of the resonance
for the blue and red Zeeman branches, respectively, qualita-
tively similar to the results of Yang and Sham [9].

Taking into account uni-directional spin-flip Raman scat-
tering processes that arise from the Fermi-contact hyperfine
interaction, we arrive at a refined rate equation model:

dIz

dt
= W+(Iz)(

N

2
+ Iz)−W−(Iz)(

N

2
− Iz)− ΓdIz

− Γsf(
N

2
+ Iz) (5)
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FIG. 2: (a) Laser power dependence of the maximum dragging width
in forward scans at B = 4.5 T for the neutral exciton X0 (blue Zee-
man branch: closed circles; red Zeeman branch: open circles) and
the negative trion X− (open triangles) in sample A. The dragging
width is normalized to the power-broadened total linewidth Γtot, the
laser power is expressed as Ω/Γ0 (with experimentally determined
radiative decay rates Γ0 = 0.8 ns−1 for X0 and 1.1 ns−1 for X−).
The results of the model are shown by the solid line for Ω/Γ0 and
dashed line for Ω/(2Γ0). The inset shows on the same abscissa scale
in red and blue the corresponding degree of nuclear spin polarization
accumulated in a forward scan at initially negative and positive laser
detunings, respectively. Small but finite degree of nuclear spin polar-
ization at high laser powers stems from directional spin-flip Raman
scattering processes. (b) Maximum dragging width of X0 (circles)
as a function of magnetic field for Ω ' 0.5Γ0. The sub-linear mono-
tonic increase of the maximally achieved dragging width is repro-
duced by the simulations (solid line). The linearly increasing elec-
tron Zeeman energy ωe

Z is also shown (dashed line).

with

Γsf = Γ0

(
Ai

4ωe
Z

)2 Ω2/4
δ2 + Γ2

0/4 + Ω2/2
. (6)

Spin-flip Raman scattering processes at rate Γsf give rise to
the asymmetry in the spectra for forward and reverse scan di-
rections (compare solid and dashed spectra in Fig. 1(a)), in
agreement with experimental findings. The argument for the
asymmetry holds when the nuclear spin polarization is erased
before a sudden jump to a finite detuning and subsequent
build-up of DNSP [5]: locking of the resonance extends fur-
ther for positive laser detunings [Fig. 1(b)]. Moreover, spin-
flip Raman scattering processes ensure small but finite nuclear
spin polarization at high laser powers, as shown in the inset of
Fig. 2(a).

The normalized absorption spectra depicted in Fig. 1(a)
are calculated from steady state solutions of Eqn.s 3 and 5
with the following parameters: ~Γ0 = 0.7 µeV from the ra-
diative decay rate 1/Γ0 = 1.2 ns determined from satura-
tion [10], Ω = 0.5 Γ0, B = 4.5 T, step size ∆n = 0.23 µeV
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and dwell time tc = 0.2 s, as used in the experiments,
and ωe

Z/ωn
Z = 1000, N = 3.2 · 104, Ai = 120 µeV/N ,

Anc
i = 0.45 · 10−4 µeV. Intrinsic decay of the nuclear spin

polarization is negligible for the ground state of X0 [7, 11].
Here, we omitted the unbalanced telegraph noise in the reso-
nance condition used to calculate the spectra in Fig. 1 of the
manuscript. This jitter in the resonance condition with an am-
plitude of 0.5 µeV (smaller than the linewidth) and timescales
longer than tc was included in simulations in order to account
for the asymmetry observed experimentally for the two scan
directions. It is consistent with the spectral fluctuations in res-
onant QD spectroscopy [10]. Based on experimental obser-
vations for the QDs in sample A, it is reasonable to assume
these fluctuations to be unbalanced with a small weight on the
higher energy side of the resonance. However, comparing the
observed traces for different QDs in different samples reveals
that the spectral jitter can actually appear on either side of the
resonance.

The dependence of the dragging width on the magnitude
of the laser power and the external magnetic field provides
further confirmation of the model. Fig. 2 shows how the drag-
ging width evolves as a function of laser power and magnetic
field. The effect of dragging is inhibited at low incident pow-
ers, increases until reaching a maximum below the saturation
at Ω ' Γ0, and vanishes in the limit of high excitation pow-
ers [Fig. 2(a)]. This is consistent with the prediction of Eq.s 3
and 5: the maximum dragging width is expected at Ω < Γ0

for non-vanishing Γd and Γsf . Both X0 and X− reveal the
same dependence when the dragging width on the ordinate is
normalized to the total linewidth Γtot =

√
Γ2

0 + Ω2/2 and the

abscissa is expressed is units of Ω/Γ0. The results of the model
reproduce our experimental findings [solid line in Fig. 2(a)]
predicting ∼ 10 % of nuclear spin polarization at maximum
[inset of Fig. 2(a)]. The model overestimates the dragging
width at powers below saturation but gives perfect agreement
above saturation for Ω̃ = Ω/2. We speculate that the scal-
ing factor of 2 stems from the line broadening Γ ' 2 Γ0 that
we typically find in our samples as a result of spectral fluc-
tuations [10]. The monotonic sublinear increase of the drag-
ging width with magnetic field, as measured on X0 close to
saturation, is clearly reproduced by our model [solid line in
Fig. 2(b)] and provides further confirmation for the quantita-
tive nature of our analysis.
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